
Lecture : Roof systems
.

3126119

§1Roots
.

We must start on
the level of Lie algebras

.

rather than Lie groups .

Definition

• A complete finite dimensional Lie algebra of is semisimple if f- of . Yi Y) / KY e g )
.

Example shld -
- Ike Mun fell Treo ) is semisimple

. fruity - HI

DI A bar of a semisimple lie algebra of is a sub da k such that

• h is nilpotent
.
which means Chah . . . .

.
Ch

. htt ) in brackets) is zero for some n .

• hi Ngfhl lie Heyl Kim eh ) ) lie his self - normalizing)

If 's usually hard to use
their definition

,
so here are some facts

.

I'll live some examples of everything in a moment
.

Facts

• Carton sub algebras are
abelian lie

. . Chih -

- O
.

)

!
All Cartons we conjugate by an automorphism of Y .

hence they all have the same dimension
.

DI rt @ ii. dinar carton , the rant of of .

Notation Write at YEN .
YO

.

Then ad if ' Y is a
linear mop . and so is a dig → End

.

In fact
,
at YI eat at N - at ④oat ④

,
so ad is a representation of - Easily

.

Fort adfhl is simultaneously diagonal izable .
meaning there's a basis Hi it of of such that !

b- Men
.
Hi

,

I tuief sat
.

all Mlllilftt tail ;

Note that the mop aii Motu
. .

. is a linear
map h - if

,
ie

.

.
a character of h hearse Iathtblk

.
ht ahhh . It liked

Haru
,
it Hail lil

Definition The nonzero q 's are called the roots of of .

Example Isb !

Carton h -

- ft th
.

If his is the lie algebra of the standard maximal for us in 5440
.

) Note dinh -2
.

The basis of h 's is : the six elementary matrices Ei ; for ieii EE food 8D ,

Erik II ) , . . .

.

along with me basis for h
.

We check :

ask.am#dffaia.l.Eoefna.lkoIItl%8dMma.l--foo:gtlogoi' II .

- ra - her
.

So if we
define di ; in the root for Qeii , then qzfia.IE a

.
- a

. .

Similarly , hi ; f
"
or a) = a ;

- ai . for ¥
,
are the other roots

.

Erland fshl .

hit '

'

-

*
I

.

The simultaneous eigen basis consists of fir
,
Irish . - - rn

.
iii. along with my

basis for h
.

The roots are ai -

- simultaneous eigenvalue of h on fi ; , given by g. if
d
'

'

.
. and i ai - a ; .

Fut A subalgebra h of a semisimple Lie algebra Y is a Carton ⇐ it is maximal abelian and ad this simultaneously diagonalized le
.

(
"

Maximal abelian "
means it is contained in no larger abelian subalgebra

,
not that it has maximal dimension

among
abelian subalgebras

.

)



I. Properties of roots
.

2-

'

fix a Carton h in a semisimple Lie algebra of
.

Let I be the finite ) set of roots of h
.

Note of Eti ÷ Home 1h
,
Ed

.

④ for one of . let Griffey I 0=4414 t Meh ) be the a- eigenspace .

Then din Ya -

- f
.

In the sh example , Yari
;
- f. Ei ;)

⑦ Root space decomposition.

) Lik ⑦ ftp.Ya .

⑦ If x is a root
,

then so is
- d

.

( In the Sh example
,

- Lii -

- dii .
)

④ of spans ti .

An the Sh ekanple , Idi .in/iii . . . .

.
n -

B is a sparring set
.

)

something more general than 131 is true .

To explain it, we need to talk about the killing form ,
which one needs anyway to justify the

facts which have been said already
.

DI The Killington is the symmetric bilinear form on y

IX. YI -

- Had oak 411 .

Note at Klout Tl is a
linear endomorphism of the vector space of . so we can just take the trace as usual

.

The killing form is symmetric

because HANNIBAL .

The Kartal Y is semisimple f .

. ) is nondegenerate
.

Fast If I is semisimple
,
then fil restricts to a perfect pairing on my Carton h

.

Therefore we get a canonical isomorphism n-th by Mu Hid
,

and hence also a perfect pairing f. ' Ii fix Kif
,

given explicitly by

Kurumi - rumi
.

⑤ If x. B are roots , so is the reflection of p across the hyperplane perpendicular to a
,

ie
,

a. Bee ⇒ sarnie B - VIII one of .

Erland Let 's compote Sanka ) for Sls .

Sadao .

- au - e

To compute the killing form
,

we need to mate explicit the identification teh by MHM ,
ed

,

and so we need to

compute f .

.
. ) on a basis of h

.

.

Let Me =/
'

-

ro) ,
Ma

.

-

- fi .
)

.

A basis of Us consists of th
.
Mrs

.
⇐ for

.

One computes easily
.

2. fr init Irl
- fer iris

fig iris 43 TEs in
'

i I. 3

ask.lk -

- f÷¥÷
.

at Hulk if :÷¥. ask.vhfatu.lh.io
.

Esr Iri -

f 3 , i
, I =

£32 ii =
u

for in ; =
,

Therefore
,

(Ma. Miz ) fr fat Milo at I Kilt HH tf -111214-041 THINK Hoi - Zte -2-21-1-2=-6
.

Similarly ,

Just multiply the numbers we got above .

(Mr
.

Mid
-

- 4th I t4t It 1--12=1 Mur Mas ) .



let % -

- ( Merode ti . hi IM " .
teh .

Then

94 "
a.
a. Is 'll

"
"

.am/=%fai-a.o/t9rfartar.a..ad=a.9.dM.dtrarau4dMW--ar/Mre

.
Melt fat auf Mr . Mrs)

-
- ha ,

- Kartal

= Karai

= barf " Mag)

so
,
4=642

.

Similarly
,
423=6423

.

Therefore
,

ya . . . We face
. . We

'ahh .
Mottola " T

.

farad -

- film 's We I. he . . .
Wi 's. Ne 's .

and so

suite . - e

Thus we
have computed the number we were looking for

,
and we can substitute back into the definition of salami

SHH - dis - 4=42514

But this should be a root
,
ie

. .
Sa

. .
Kid should How %: for some iri .

However
.

we see that

42 , # 2) µ 4
a ,
) = oh - a ,

-1 a ,
- Az -

- a
,

- az = xp f
"

Ma
,
)

.

So

~Saddest
.

We can compute sa
.
on any other root as well !

i. i i

sa
. .
Kids

"ii : "÷÷% .

.

- it or its a reflection

412 iri i

- dis in
'

i b/c Sa is linear
.
So Sathi - SIR .

- this in
'

i

a-

÷ 4- ,
for 4th

.

In general
,
Sae Oth ,

f. V ) ft he orthogonal group
)
,
Saul YI a general

DI Weis subgroup of Oth
.
fill generated by sa 's for one of

.

Woe is called the WI of of
.

⑥ Woe is a finite group ,

Kale % ez .
so Sokka -24=-4

.

Therefore ⑤ ⇒ 131
.



( Il tape E ,

'
ez

,

and in fact
.

HI e forth .
H

.
I 3)

.

In particular ,

(8) one of ⇒ na EE for any att ( because if Not
.
then 44%4=2 He 9 .

)

The 27 -

span
of E is a lattice in the R - span of of .

f. il is real
-
valued and positive definite on the R - span of of .

DI A rootsesten is an R - vector space Vq
together with a pos .

def
.

symmetric pairing fr . ) and a
sorbet of EV st

.

% ¥
pans V

fin practice , this will be the real form of our fi given by the R - span of E )

H Kase E ,

2K¥ ez
Kal

① t a. BEE sa B -

' one of

of is reduced if also

red one of ⇒ KEE
.

Renard with some effort
,

finiteness of Woe befined the same way) and the fact that earth III 3141
, can

be shown

for general root systems
.

Furthermore
, ¥4414 # f- I 24 so if I is reduced

.
then 181 follows for I .

follows

from the theory of simple roots ( see the next section!

Summat

Given a semisimple lie algebra Or a Carton he f is a subalgebra which is maximal abelian and such that ahh ) is simultaneously

diagonal liable .

We get a reduced root system IV. Er fill bei

• of -
- Lnonzero simultaneous eigenvalues of ad⑧ on g) stir

• V= R - span of E Iso V④ NEW
.

I /

• foil is
induced from the killing form : Kille Tr lad at for k

,Yeh the operator at Hoad ④ acting on L and

then 44.1 ,
Millie Hill puts feel an VE ti .

Then fat of , of . - x - eigen space for root space) is t - dimensional
.

§ 3
.

Positive and simple roots
-

fix a root system IV. I
,
fill

.

Fix any
total order

"

s
"

on V such that !

• 9.900 ⇒ 4. two

• Exactly one of the following holds for any 9 EV :

Y > O
,
-4>0

,
9=0

.

Say 9 is positive if 9>0 .

for instance ,
fixing a basis 4 .

.
.

. . H of V
,

we can
take E.

ai Yi - E. bi Yi if 9-
- brr

- - - rain -

- bin ai - bi .
some i

.

Let It .

- Iae of INO ) - the positiveness .

Then of fake It has E
'

v Et - E and I
-

n oft =D
.

BE A root is simple if it is positive .
and cannot be written as a son of two positive roots .

Let be It be the set of simple roofs
.



facts . # D= dim V
.

• Any p e- It can
be (unlovely ) written f- Isn at neo Fred .

More any re E can be written as ftp.a .

where the ma 's all have the same sign .

• Since I ,

hence IT spans
Vr it follows that b is R - linearly independent

,
and that the na 's above are mine .

The choice of ordering we started with has
an

effect on D .

But :

the Woe acts simply transitively on
the set of all possible D 's

.
If > and t give the same D ,

then they give

the same It .

The lexicographical ordering described above with A as a
basis (any order on D ) makes A simple

.

temple 6h) .

- die
.
4

, .
. . - ran . . . .

are simple for the lexicographical ordering they induce
.

- Note there are n - ler tbh) of them
.

- Then the positive roots are a
,
Isi .

- Note Xiii di , in thin , int
-

-
- th ; . .

. ;
if I > i



Lecture .

Root systems kontinvedl
.

9/2/19

Read A finite dimensional ) semisimple lie algebra of and a Carton keg gives rise to
a set of roofs

Iii ( nonzero simultaneous eigenvalues of ad th) on Y) s th
.

for one of , the a- eigenspace ga is 1- Jim't
,

and

f- h ④ ftp.dra

Then (Vie RE
,
of
,
frickin ing form) is a

reduced root system
.
In particular

,

Sakis e - he E t a. BEE
.

-

Toth IL
.
Is

The Weyl group Wei - fade ON ,
fill is finite

.

A total order
"

s
"

on
V

,
respecting t and -

,
determines Eti Keitaro } and A- Ginde roots } e oft

.

We acts simply transitively on ID)
,
and D determines an order

.

A is a basis for V .

§4.DynkinDiaq

Fact If apes .
at B , then Risko ( hence HO ,

- it .
- 3) in this case .

)

II the Dentition is the graph with furthest- b ,
and mad edges between a and p ,

directed towards a if

K.HN Bred
.

let
.

. 0¥ means x is longer than pl .

Example ⑥ Recall a :L
"

-

i
- al -

- ai - ai , A- Kirin lit .
- - - raid

. One shows

Idina ,
ai .int/-f

or iiiti

i 0 otherwise .

Therefore the Dynkin diagram is

o.T.io ;
- -

on an . . . .

€1

DI I is reducible if there are subspaces Virk EV with subsets Iie Vi such that Ve Vi ④Va
,
E- of

, Ike .

and Wii of it - if we

root systems
.

Otherwise
,

of is irreducible

Rmd Simple Lie algebras ← reduced irreducible root systems → Connected Dentin divans
.

The Two reduced irreducible root systems having the same Dynkin diagram are isomorphic (meaning there's a linear isomorphism between

vector spaces preserving the form and sending roots bijective ly to roots
.

)

• The possible connected Sinti diagrams are the usual ones i

An O - O - O - - - O - O hell f
,

O_0 -

of
- o - o Fy 0-0=0 - o

B
n

0-0-0 - - -
- O - 0=10 MEO f , o_O -

of

- o - o - o Gz 0=0

( n 0-0-0 - - - O - o # hit
Eg o - o -

of

-0-0-0-0

Dn O - o - o .
-

- o - o hell

• The Dynkin diagram of J determines of up
to isomorphism

.



§S.ReoveringgfromitsDynkinDiara

We want to find the roof system given Nst the simple roots
. Will use the following tool

.

'

II Let x. PEE .

The rotating of a containing p is

strafed et na Inez and puke of)
.

Facts . Strahl has no gaps .

. Let pie 27 set
. ft me stroll pen If . Then

Pte
-

'¥8 .

• If a. BEA ,
then a- PEE

.
and so p - O ont f -

-
-

'ELIE '

• If A- E.snare It , with Erol
,
then we can

find Bed such that 8- Hot
.

These facts will let us recover of
.

How about the Lie bracket?

Facts
. If qp.at Be of , then Efa

, Yp) = Late
.

• Bag - D= ?
- Ma Eti . where Hail -

- Nrl
.
In fact f- a. E -

a) feat - a) Ma!

Now for * A let

' ha -

- Faa
,
Ma

,

u ex C- Ya be any nonzero vector

. fa C- of
- a

set
.

Haifa ) =

.

With these choices
,
khat feat Ffa Esk ; hath - I

,
eat foil , fat for :L

,
at

• ( ha
. e. f- Lied Male ← fan, Ha , Madea -

- Ia , Kuan .
Hard ear - Eas Kader Lea

,

• (ha
,
fate - Zfa ,

• fea.FI/ea.fIMa--fa.ayMa-- ha .

The Garrel the vectors ( ha ,
ea.fr/aeb } generate of as a lie algebra with precisely the following relations :

Alda
.
helio

① leafed = Sasha

③ Cha
. eels ee

1411ha , fel -

-
- fp

⑤ Hedy
- era .name#ehslmeth

of straw

-

- O

⑥ At
' - www.adf , so

We give an instructive example on the next page .



teamed Lasd Let Y
,
have Dentin diagram k¥9 la longer)

,

find It
.

We have
,
by the diagram :

-

l

Fifi .

=-3
.

f-O , I -3
SO f-Or 9=1 f

Str
.

ftp.atp )
,
stroke hate . http ,

at 3h

Not that since ate Strahl , we have striated -

- strafed
.
Similarly .

streklffrpktel-strpktlpl-strdai.se )

Then we try taking Sta . . phew roots) to generate more roots
.
repeat until we can't find new ones,

then all roots are

ekhausted
.

We compute :

Shakthi ht http - tht HEI by reduced ness ; - status -2 BEE .

No new
roots

.

Str dats Ni - hat 30=38 # I ⇒ p - O
.

So ptg sie - 292%302=-49%43%1%1 e - (2-3)=1
.

So at at 39=2243PEE.

This gives us one more root to try :

Sfrplzatzpdi - B t Eat 3ps 2kt BIKE ,
P tht 30

-

- 2kt 2B) # E
.

No new roots
.

We find

It sharp ,
at B

, http ,
at 38 ,

2xt3p }
.

So Jing , - # At 2. # Et e 14
,

and a basis is

ha
.
he

, ea.ee ,

feared
.
renren.ee))

,
Cee

,
Referee fear Her fee

,
Kareem , sane brackets with fate .

Serre relations 1- Jacobi identity give all possible brackets
.

For example :

Ha
,
Rare i - fee

, Ifa ,
eat) - tea ,

Cee
.
fall

= - fee
,

- hat - O

= -

2K
,

* ep

= Cp .



lecture .

Reductive Groups
.

9/9/19

fix a field trek
.

Def A linear algebraic droop over a field he is reductive if its unipolar radical lie
. .
the largest closet connected

,
normal

,
union

subgroup is trivial .

Mere
,
linear means there's an embedding G - o Gln for some n

.

and unites means there's an embedding G - of "
.

If G is reductive
.
then

center semisimple

• Lie G = : g -

- 3dg toff , g)

• G is semisimple ⇒ G is reductive .
(" G is semisimple

"

means
"

g is semisimple .

"
)

§1Roottata

To classify reductive groups . we need slightly more info than for semisimple Lie de 's.

Will need four pieces of data
.

Def A torus is an algebraic group T over t

f- Ekin
.
some RIO .

T is skit if T= Ghi lover t instead of tf

Thi : UH) over R is a circle ,
not an Rt

.
But UHH GL

,
= Emil .

So UA is a nonsplit torus over R.

Fie G a
connected reductive group over ti and fix a maximal torus TCG

.

Assumption G is split , meaning T is split for some choice of f
.
which we fix

.

Here are
the four ingredients :

- Characters : Let A- HH i - Mon IT
,

Eml
.

( homomorphisms of do groups)

Renard his lie T is a Carton in Yi lie G , and kn Ig ,
Y) is a carton in Cg .gl

.

Then if Kitt Em is a character.

JX ich - ok = lie km is a
character of h

.
.

- Roots ! G Y
,

and T is simultaneously diagonal ruble on
Lie G

.

Let ofifroofs) is limit eigenvalues for T Lie b.) EX
.

Note Roofs are trivial on 261 .

Renard If LEE ,

then kik → k is a
root of Y , is dd.hncg.gg is a root of G. YI , and da is trivial on Zg

.

- Cochin actors : *
Hi -

- Momin
. T .

- fo roots i V ne Er choose root vectors Ea
.
f. Eff .

9) elf for da
,

- da
.

F vnipotent subgroups Vat - a with lie Uta -

- t - E.
a

The subgroup Ma generated by Ua
.
U

-
art has derived group Gk

,
MD Ga E Sh or Psh .

Then 7 ! Ni Gn → fast .

now = Heed .
This is the co root associated with a

.

Let Iv KYLE El
.

This is the set of co roots
.

Now define a pairing Xx H I by Htt = n .
where Yok : breton is H

.
to Kay

This is a perfect pairing .

④ EH is an example of :



DI A root datum is a footrope ( k . Erk : EY with k
,
K free abelian groups, a perfect pairing fertile NEE ,

and a bijection

E - oof ! denoted by atom
,
such that :

• V LEI
,
444 -2

• tf ape of
,

Safdie f - CHI hee .
and

,
Saul H -

- R - K
.
NEE

.

And Krol replaces from the semisimple lie algebra story
.

In particular
,
G. Help . t ) if a and B have different lengths

.

Net of need not generate X
. or even over R ,

due to the center
.

Et GN let THE e bln
.

Define eiek be e. final -

- ai .

Then

A- NYT = ¥
.

Ie ;
(writing the group

law on k additively
.

)

Letting a la "
.

. and = ai ta ; for it .
then E-faii.it it

To find Va
,
and Ga

; ,
let tiie lie Hai Mun

beg

, , fo
. ?

Then
.

Hawaii Hanne : iii. and:c .

" ""

a

:w÷ .

Note Lief
- i stfii

.

and so f it is Uni
.

Then

in s in

Ga - group gen by Dai
,

Va
; ;

,

and f
"

"

a
'

" ai
.

.

,

)

is an Sh
.

We find
a

.

* f -

it ÷ ! )
,

so that air. Kii theft - ' et ' .

Ee Nd
.

Ffa a- Ile Sh
.

Let e. ex ,
ee Manisa .

Then

killer
.

One checks E -

- { Hid ,
but a. da a- Yeah ' ' em - era at

'

, so
alternatively

,
we can write

E- that fad
The map a-ha a- I generates ku .

But a Hail a
'

.
so

giraffe at
.

Then
µ =D Tr

and
of

'
- fail

.

Nate 27 Ei 2¥
,
lot ZEEV .



ERGO .
Ella Kill

.

Note his sea by f Htc .

But now

g. fetch -

- c
.

So

f- Barr
,

and

Eef and

IT is generated by eu
.

where ever left
.

We have Haifa a- Is foie ) .

because then a. Kidd
.

far ,
so

E- It 2e )
Note now Zeek . but Rothwell

.

⇐ H .
# KEI w/ H .

# if is again a root datum
.
the ¥¥m .

We see Slr
.
Ma are dual

. 64 is

self - IN .

v 2¥
Let RE # R

.

Define 14.4% !# Haim
.

Then t.pl =

* .

Moreover HE .
is a root system

.
md

is the root system of Eff ) .

I split connected reductive groups over k are classified up
to iso by their root data

.

EEE
* A B¥¥ of G is a maximal

.
Zariski closed

,
solvable

,
connected subgroup of G .

A Elise is my subgroup contains a Bord
. I death

.
Glpwabrolk is a projective variety

,
Borde minimal parabolic)

To find a
Bord BSG

,
choose f

,
and choose

"

o
"

on E
.

Then T
.
along with Ua fr x - O

.
de B

.

* let PEG be
a parabolic .

Define N - Ne ÷ RIP winded radical of P
.

Given a
maximal torus in P

,
define also M -

- M fish .

called a Levis of P

Ets * B contains a
maximal torus in G

,

hence S is a
maximal torus in 6 .

• Mp depends on S
.

Got any
two such Mp's we conjugate in P

.

• f- MAN .

• M is reductive
.

• Me =S
.

* Given T and
" f on

to
,

the P 's
,
containing the Bord B constructed as above

,
are called

" stew ! Then Sf

Es GLI Tate T = * I , and choose
"

o
"

on E so that airier are the simple roots
. Then B if :# I

,
Ne -

- f -

,
Meer

.

.

-

standard P 's are block - upper
- triangular matrices

.

p .
- fi .

,
nip .

.
Nee

'¥1
.



In general
,
fixing TEG and "

o
"

on I
,
to get all As containing B

,

follow this procedure :

Take any subset fed of simple roots
.

Let Po be teamed by T and Ua for a c- I satisfying
.

'

tf x -

- Ies nos , then nee O f pelf .

You're allowed to negate the roots in Q )

facts: . Mais Mpo has root system with Deakin diagram obtained from that of G by removing all notes not in f .

• The Unis in Ma are exactly those coming from a 's in of which can
be written as a- fee npp .

In particular , U E Mo
.

t pet .

• The Vars in Noi Np
,
are exactly those coming

from x 's in of which can be written as a snap
with O

for all fed and at least one he > 0 for some pelf .

In particular, t Bff . we have Up e No. and V. papa
.

• PEG , Poli B .

Et Gbi
color tee !

are :* :* .

:t÷÷h¥:¥¥f¥¥¥÷¥.IE#::::*ile*::i:T.m .

Q

There are three other standard parabolic ,

obtained from 0=423.4411%1 and Had
.



Lectured Eisenstein Series
.

4123119

§IThedefinit

Let G be a split connected reductive group over Q
.

fit T EG split mail for .us , let E- off GT e NTI the root system .

Fie Bet Borel leeoivwentk.br of simple roots )
.

Fie fed ,
and let Po Po bi the associated parabolic .

Write f- MN
.

Let spinal - Rho
.
Spend -- Itetlmcolie NIAN - modulus character

.

Extend to spinal - ok
, o ,

trivial on N .

let REGAN a maximal compact
.

Def for re - oh Voie Kose ( MINIMAL
,
W ) a cuspidor automorphic representation of M, let

Tf bestie Ifi GHAI → Volf is smooth .
A - finite

,
fleets ;

" " roomful f penal , ee GHAI (the normalized induction )

with action of G by right translation
.

Let

lp4n.si/fiGfAl-ofIffglifTelHl for some feedlots ) )

(again with the same action!
And 44%1=44%0 ,

G - qui variant It .
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